The basis of the {β}-expansion for the perturbative series evaluated in the MS scheme for the renormalization group invariant quantities is summarized. Comparison with a similar representation, used within the BLM-motivated Principle of Maximal Conformality, is discussed. We stress that the original {β}-expansion contains a completed list of terms rather than its PMC analog. The arguments in favour of the complete {β}-expansion are presented. NS are presented. These perturbative results are expressed in the PMC-type form. The problem of applications of these expressions for phenomenological applications is summarized.
Introduction
The {β}-expansion approach, discussed here, was originally proposed in [1] . The aim was to construct generalizations of the BLM approach [2] at the levels higher than the NNLO one while the first method to fix the BLM-type scale for the RG-invariant quantities was developed in [3] . This {β}-expansion was used to explore multiple power β-function generalization of the Crewther relation in the MS-scheme for the nonsinglet (NS) corrections to the Adler D-function and to the Bjorken sum rule of the polarized lepton-nucleon scattering [4] . Expanding this form of the generalized Crewther relation in powers of α s and keeping the single power of the QCD β-function only, one can recover the generalized Crewther relation with the single β-function factor. The existence of this MS-scheme relation was discovered at the α 3 s -level [5] and confirmed later on in [6] at the α 4 s order. This relation follows from the consideration of the AVV quark current triangle diagram not only in the massless quark-parton model [7] , which respects conformal symmetry, but in the case, when the insertion of higher-order QCD corrections to this triangle diagram are also taken into account [8] . Theoretical validity of the generalized MS-scheme Crewther relation, presented as the additional term with factored out single power of the β-function was studied in [9, 10] , where its validity in all orders of perturbation theory was investigated. More recently the {β}-expansion approach was explored in [11] in relation to its analog, used in [12] [13] [14] [15] [16] for various applications of the Principle of Maximal Conformality (PMC) proposed in [17] . Note that the main aim of PMC, which is similar to the seBLM method in [1] , is to construct a new high-order representation of the BLM approach by absorbing all terms proportional to the β-function coefficients into the scales of each integer power of the coupling α s in perturbative series for the RG-invariant quantities. For the NS Adler function and the Bjorken polarized sum rule the coefficients of these modified series should respect the relations, which follow from the conformal symmetry and the original Crewther relation of [7] (for the recent theoretical studies of the consequences of the conformal symmetry in QED and QCD see [18] ).
Comparison of the complete and incomplete {β}-expansions for the D NS -function
Following the work [11] , let us clarify first the differences between the complete and unique {β}-expansion [1] and the incomplete one used in the studies of [12] [13] [14] [15] [16] . Within the complete {β}-expansion the expression for the perturbative coefficients of the N 3 LO approximation of the D NS -function
is expressed through the coefficients of the β-function of the colour S U(N c ) gauge group model
in the following form: (6) where N F is the number of fermion flavours and the underlined terms were neglected in similar expansions used in [12] [13] [14] [15] [16] . The reason of neglecting them is related to the fact that the authors of these works define their {β}-expansions from the traditional expressions f0r d i coefficients expanded in powers of N F , namely
However, it is already known that to formulate the generalized BLM approach at the NNLO using Eqs. (7) (8) (9) , it is necessary to take into account some extra information [1, 3] . [19] and to the β-function of the S U(N c ) group, which was evaluated in the MS-scheme at the three-loop level in [20] . 
In Eq. (11), the B l (N F ) factors are the products of the β-function coefficients of Eqs. [3] -contribution is known from analytical calculations of [5] . This information was already used in the all-order generalization of the BLM approach of [21] , based on absorbing into the BLM scale these renormalon-type terms only. Since we are interested in the resummation of all {β}-dependent terms, we will consider only certain expressions at the O(α
In the MS-scheme, at this order of perturbation theory the elements of the {β}-expansion for D NS have the following analytic form [1] :
Note once more that in the PMC studies of [12] [13] [14] [15] [16] an analog of the d 3 [1] -term was absent ( or nullified). Therefore, the remaining MS-scheme contributions to Eq.(5) will differ from the ones presented in Eqs. (16) and (18).
TheMS -scheme generalized Crewther relation and the {β}-expansion for the Bjorken polarized sum rule
The Bjorken polarized sum rule, which is still interesting for phenomenological studies [22, 23] , is defined as
Its coefficient function C B jp contains the NS and singlet (SI) contributions
The existence of the SI term at the O(α 4 s ) level was demonstrated in [24] , though its analytical expression is not yet fixed by direct diagram-by-diagram calculations.
The {β}-expansion pattern is now applied to the coefficients c n of the perturbative approximation for C B jp NS (a s ) [6] :
These coefficients are related to similar ones, which enter into the {β}-expansion of the perturbative series for D NS through the multiple power β-function form of the generalization of the Crewther relation [4] . Note that the application of the MS-scheme generalization of the Crewther relation, considered in [15] , gives the {β}-expanded expressions for the coefficients of the C B jp NS (a s )-series without the terms underlined in Eqs. (24, 25) .
We will show that the absence of these terms in the studies of [12] [13] [14] [15] [16] [19, 25, 26] and the MS-scheme generalization of the Crewther relation [5, 6] written down in the multiple power β-function representation of [4] . This part of the talk follows from the studies of [11] .
The MS-scheme single β-function expression for the generalized Crewther relation has the following form:
Here
s ) is the polynomial, where the known coefficient K 1 depends on the S U(N c ) Casimir operator C F while the coefficients K 2 and K 3 also known analytically depend on C F , C A , T F and N F . This form, originally discovered in [5] at the O(a NS performed in the colour S U(N c ) gauge group theory [6] . In [4] , it was demonstrated that Eq. (26) can be rewritten as
where k + m = r and the coefficients P r n [r, m] contain rational fractions and Riemann ζ-functions of odd arguments. In Eq. (27) , the known coefficients of the polynomials P n (a s ) do not depend on T F N F (for a more obvious clarification of this property see the second expression in Eq. (27) ) and are expressed by means of the coefficients of the {β}-expansion as
Using Eq.(27) the following relations between the elements of the {β}-expansions of Eqs.(3-6) and Eqs. (22) (23) (24) (25) were obtained [4] : 
Apart from the presented above analytical expressions, we come to the definite theoretical conclusions. [4] from the MSscheme generalization of the Crewther relation. In view of this, the theoretical and phenomenological studies of the works [12] [13] [14] [15] [16] , where the discussed above nonzero terms were neglected, should be reconsidered. This was done in part in [11] and we will summarize below the concrete foundations of this work.
The definition of the scale-fixing prescription
To define the generalized BLM approach within the complete and unique {β}-expansion approach of [1] , one should absorb all β-dependent terms of the {β}-expanded coefficients into the scales of the coupling constants. Following the study of [11] , let us absorb all β-dependent terms of the coefficients in Eqs. (4,5) (2) we reexpress the QCD running coupling constant a s (µ 2 ) in terms of the new one a ′ s = a s (µ ′ 2 ) in the following form considered in [11] , namely:
The term ∆ defines the shift of the scales as
where t = ln(Q 2 /µ 2 ) and t
. To define all-order generalization of the BLM approach proposed in [1] , it is necessary to introduce the coupling constant dependent shift
where the coupling constant dependence of this shift was first introduced in [3] in the process of the first formulation of the NNLO generalization of the BLM approach. Fixing now Q 2 = µ ′ 2 we obtain the {β}-expansions of the transformed to the new scale coefficients d ′ n of the perturbative expressions for the D NSfunction. They have the following form [11] :
For the sake of generality, we also present the expression for the fourth term, which due to still incomplete analytical information on its β-expansion can not be involved in the concrete numerical studies
The general idea of [11] is to absorb all {β}-dependent terms in Eqs.(45-47), including the ones omitted in [12] [13] [14] [15] [16] , namely the terms proportional to 
The concrete analytical and numerical O(α
Eqs.(50,50) contain noticeable contributions of the terms omitted in [12] [13] [14] [15] [16] , that are proportional to d 3 [1] and c 3 [1] . Note that for normalization, used here, we have a s = α/π, β 0 = 11/4 − N F /6 and β 1 = 51/8 − 
Note that at the NLO we reproduce the standard BLM coefficient, which is rather small. However, the value of the NNLO coefficient is negative and huge. A similar feature was already observed in the case of applications of the first generalization of the BLM approach based on resummation of the N F -dependent corrections [3] . This result of [3] was confirmed in [12] . Applying the same procedure to C B jp NS in [11] we got 
Similar results were previously obtained at the NNLO for the Bjorken polarized sum rule within the procedure of [3] in [27] .
Conclusion
We would like to emphasize that the proposed in [1] and used later on in [4, 11] 
